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1. Introduction
Let Rn+21 be an (n + 2)-dimensional real vector space endowed with an inner product of index 1 given by
〈x, y〉 =
n+1∑
j=1
x j y j − xn+2 yn+2,
where x = (x1, x2, . . . , xn+2) is the natural coordinate of Rn+21 .
R
n+2
1 = Ln+2 is called the (n + 2)-dimensional Lorentz–Minkowski space.
We deﬁne the (n + 1)-dimensional De Sitter space Sn+11 (c), c > 0, as the following hyperquadric of Ln+2
S
n+1
1 (c) =
{
(x1, x2, . . . , xn+2) ∈ Rn+21 ; 〈x, x〉 =
1
c
}
.
The induced metric 〈, 〉 makes Sn+11 (c) a Lorentzian manifold with constant sectional curvature c > 0.
Let Mn be an n-dimensional hypersurface in Sn+11 (c). Mn is said to be spacelike if the induced metric on Mn from the
metric of Sn+11 (c) is positive deﬁnite.
From now on, we will consider spacelike hypersurfaces Mn of Sn+11 (c) with constant mean curvature H . We say that Mn
is a maximal submanifold if H vanishes identically.
* Corresponding author.
E-mail addresses: fecc@ime.usp.br (F.E.C. Camargo), rosab@ime.usp.br (R.M.B. Chaves), amancio@impa.br (L.A.M. Sousa).
URLs: http://www.ime.usp.br (F.E.C. Camargo), http://www.ime.usp.br (R.M.B. Chaves), http://www.uniriotec.br (L.A.M. Sousa).0926-2245/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2008.04.020
F.E.C. Camargo et al. / Differential Geometry and its Applications 26 (2008) 592–599 593It was proved by E. Calabi [4] (for n 4) and by S.Y. Cheng and S.T. Yau [8] (for all n) that a complete maximal spacelike
hypersurface in Rn+11 is totally geodesic. In [18], S. Nishikawa obtained similar results for others Lorentzian manifolds.
In particular, he proved that a complete maximal spacelike hypersurface in Sn+11 (1) is totally geodesic. We recall that a
hypersurface Mn is said totally geodesic if its second fundamental form B vanishes identically.
A. Goddard [11] conjectured that the complete spacelike hypersurfaces of Sn+11 (c) with constant mean curvature H
must be totally umbilical. The totally umbilical hypersurfaces of Sn+11 (c) are obtained by intersecting S
n+1
1 (c) with linear
hyperplanes of Rn+21 .
J. Ramanathan [21] proved Goddard’s conjecture for S31(1) and 0 H  1. Moreover, if H > 1 he showed that the con-
jecture is false as can be seen from an example due to Dajczer-Nomizu [10]. In his proof, Ramanathan used the complex
structure of S31(1). K. Akutagawa [1] proved that Goddard’s conjecture is true when n = 2 and H2  c or when n  3 and
H2 < 4(n−1)
n2
c. He also constructed complete spacelike rotation surfaces in S31(1) with constant H satisfying H > 1 and which
are not totally umbilical.
In [17], S. Montiel proved that Goddard’s conjecture is true provided that Mn is compact. Furthermore, he exhibited
examples of complete spacelike hypersurfaces in Sn+11 (1) with constant H satisfying H2 
4(n−1)
n2
and being non-totally
umbilical, the so-called hyperbolic cylinders (cf. [1] and [13]), which are isometric to the Riemannian product H1(sinh r) ×
S
n−1(cosh r) of a hyperbolic line and an (n − 1)-dimensional sphere of constant sectional curvatures 1 − coth2 r and 1 −
tanh2 r, respectively.
We point out that J.A. Aledo, L.J. Alías and A. Romero [2] also obtained results for compact spacelike hypersurfaces in
S
n+1
1 by using integral formulas.
In order to study hypersurfaces with constant scalar curvature, Cheng and Yau [9] introduced a new self-adjoint differen-
tial operator  acting on C2-functions deﬁned on Riemannian manifolds. As a by-product of this approach they were able
to classify closed hypersurfaces Mn with constant normalized scalar curvature R satisfying R  c and non-negative sectional
curvatures immersed in complete and simply connected (n + 1)-dimensional Riemannian manifolds of constant sectional
curvature c, which will be denoted by Q n+1(c) and are also known as space forms.
By using Cheng–Yau’s technique, H. Li [14] also obtained some rigidity theorems for hypersurfaces with constant scalar
curvature in Q n+1(c), c  0.
Concerning the study of spacelike hypersurfaces with constant scalar curvature in a De Sitter space, Y. Zheng [22] proved
that a compact spacelike hypersurface in Sn+11 (c) with constant normalized scalar curvature R , R < c and non-negative
sectional curvatures is totally umbilical. Later, Q.M. Cheng and S. Ishikawa [7] showed that Zheng’s result in [22] is also true
without additional assumptions on the sectional curvatures of the hypersurface.
In Section 4 of [15], H. Li proposed the following problem:
Let Mn be a complete spacelike hypersurface in Sn+11 (1), n  3, with constant normalized scalar curvature R satisfying
n−2
n  R  1. Is Mn totally umbilical?
Recently, A. Caminha [6] answered that question aﬃrmatively under the additional condition that the supremum of H is
attained on Mn .
In this paper, by extending Cheng–Yau’s technique to complete hypersurfaces in Sn+11 (c), we give a partially aﬃrmative
answer to the question above and we also obtain a kind of extension of the Theorem 1 of Li [16]. More precisely we prove
the following results:
Theorem 1.1. Let Mn be a complete spacelike hypersurface in Sn+11 (c), n 3, with constant normalized scalar curvature R satisfying
n−2
n c  R  c. If Mn has bounded mean curvature H, then Mn is totally umbilical.
Theorem 1.2. Let Mn be a complete spacelike hypersurface in Sn+11 (c) with constant normalized scalar curvature R, R  c. If the
square of the length of the second fundamental form S of Mn satisﬁes sup S < 2
√
n − 1c, then Mn is totally umbilical.
2. Preliminaries
In this section we will introduce some basic facts and notations that will appear on the paper. Let Mn be an n-
dimensional hypersurface in De Sitter space Sn+11 (c). We choose a local ﬁeld of semi-Riemannian orthonormal frames
e1, . . . , en+1 in Sn+11 (c) such that, at each point of Mn , e1, . . . , en span the tangent space of Mn . We use the following
convention for the indices: 1 A, B,C, . . . n + 1, 1 i, j,k, . . . n.
Denote by {wA} the corresponding dual coframe and {wAB} the connection forms of Sn+11 (c) so that the semi-
Riemannian metric and the structure equations of Sn+11 (c) are given, respectively, by
ds¯2 =
∑
i
ω2i − ω2n+1, (2.1)
dωA =
∑
ωAi ∧ ωi − ωAn+1 ∧ ωn+1, ωAB + ωBA = 0, (2.2)
i
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∑
C
εCωAC ∧ ωC B − 1
2
∑
C,D
εCεD KABCDωC ∧ ωD , (2.3)
KABCD = c εAεB(δAC δBD − δADδBC ). (2.4)
A hypersurface Mn in De Sitter space Sn+11 (c) is said to be spacelike if the indeﬁnite metric of S
n+1
1 (c) induces a positive
deﬁnite metric on Mn . In this case, the metric of Mn is written as ds2 =∑iω2i .
Hereafter we will assume that Mn is a spacelike hypersurface of Sn+11 (c). Next, we restrict all the tensors to Mn . First of
all, ωn+1 = 0 on Mn , so ∑iωn+1i ∧ ωi = dωn+1 = 0 and by Cartan’s Lemma we can write
wn+1i =
∑
j
hi j w j, hij = h ji . (2.5)
Here h = ∑i jhi jωiω j denotes the second fundamental form of Mn . Furthermore, the mean curvature is deﬁned by
H = 1n
∑
ihii .
The structure equations of Mn are given by
dωi =
∑
j
ωi j ∧ ω j, ωi j + ω ji = 0, (2.6)
dωi j =
∑
k
ωik ∧ ωkj − 12
∑
k,l
Ri jklωk ∧ ωl. (2.7)
Using the structure equations we obtain
Rijkl = c (δikδ jl − δilδ jk) − hikh jl + hilh jk. (2.8)
The Ricci curvature and the normalized scalar curvature of Mn are given, respectively, by
Rij = (n − 1)cδi j − nHhij +
∑
k
hikhkj, (2.9)
R = 1
n(n − 1)
∑
i
Rii . (2.10)
From (2.9) and (2.10) we obtain the Gauss equation
n(n − 1)(R − c) = S − n2H2, (2.11)
where S =∑i, jh2i j is the square of the length of h.
The components hijk of the covariant derivative ∇h satisfy∑
k
hi jkωk = dhij +
∑
k
hikωkj +
∑
k
h jkωki . (2.12)
Then, by exterior differentiation of (2.5), we obtain the Codazzi equation
hijk = h jik = hikj . (2.13)
Similarly, the components hijkl of the second covariant derivative ∇2h are given by∑
l
hi jklωl = dhijk +
∑
l
hljkωli +
∑
l
hilkωl j +
∑
l
hi jlωlk. (2.14)
By exterior differentiation of (2.12), we can get the following Ricci formula
hijkl − hijlk =
∑
m
himRmjkl +
∑
m
h jmRmikl. (2.15)
The Laplacian 	hij of hij is deﬁned by 	hij =∑k hi jkk . From (2.13) and (2.15), we have
	hij =
∑
k
hkki j +
∑
m,k
hkmRmijk +
∑
m,k
hmi Rmkjk. (2.16)
Set Φi j = hij − Hδi j . We will consider the following symmetric tensor
Φ =
∑
i j
Φi j wiw j . (2.17)
Let |Φ|2 =∑i, jΦ2i j be the square of the length of Φ . It is easy to check that Φ is traceless and
|Φ|2 = S − nH2. (2.18)
We will need the following algebraic lemma obtained by M. Okumura [19] and whose proof can be found in [3].
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∑
iμi = 0 and
∑
iμ
2
i = β2 , where β is constant and β  0. Then∣∣∣∣
∑
i
μ3i
∣∣∣∣ (n − 2)√n(n − 1)β3,
and the equality holds if and only if at least (n − 1) of the μi are equal.
A proof of the following inequality can be found in [15].
Lemma 2.2. Let Mn be a spacelike hypersurface in Sn+11 (c). Suppose that the normalized scalar curvature R is constant and R  c.
Then ∑
i, j,k
h2i jk − n2|∇H|2  0.
The proof of our results relies heavily on the well known generalized Maximum Principle due to H. Omori [20].
Lemma 2.3. Let Mn be an n-dimensional complete Riemannian manifold whose sectional curvature is bounded from below and f :
Mn → R be a smooth function which is bounded from above on Mn. Then there is a sequence of points {pk} in Mn such that
lim
k→∞
f (pk) = sup f , lim
k→∞
∣∣∇ f (pk)∣∣= 0 and limsup
k→∞
max
{(∇2 f (pk))(X, X): |X | = 1} 0.
According to Cheng and Yau [9], we introduce the operator  acting on any C2-function f by
( f ) =
∑
i, j
(nHδi j − hij) f i j . (2.19)
The proof of the next proposition is essentially a consequence of an inequality obtained by H. Li [14, p. 669]. For sake of
completeness we will give here a proof of this result.
Proposition 2.1. Let Mn be a complete spacelike hypersurface in Sn+11 (c) with constant normalized scalar curvature R, R  c. Then
the following inequality holds
(nH) |Φ|2
(
|Φ|2 − n(n − 2)√
n(n − 1) |H||Φ| + n
(
c − H2)
)
. (2.20)
Proof. First of all, we will compute
	S = 	
∑
i, j
h2i j = 2
(∑
i, j
hi j	hij +
∑
i, j,k
h2i jk
)
.
From (2.8) and (2.16) we have
1
2
	S =
∑
i, j,k
(hijk)
2 + n
∑
i, j
hi j Hij + nc
(
S − nH2)− nH f3 + S2, (2.21)
where S =∑i, jh2i j and f3 =∑i, j,khi jh jkhki .
In view of (2.19) (nH) is given by
(nH) = nH	(nH) −
∑
i, j
hi j(nH)i j . (2.22)
Notice that
nH	(nH) = 1
2
	(nH)2 − n2|∇H|2. (2.23)
Thus, combining (2.22) and (2.23) we get
(nH) = 1
2
	(nH)2 − n2|∇H|2 −
∑
i, j
hi j(nH)i j . (2.24)
Moreover, as R is constant, by (2.11), we have 	S = 	(nH)2.
596 F.E.C. Camargo et al. / Differential Geometry and its Applications 26 (2008) 592–599Therefore from (2.21) and (2.24) it follows that
(nH) =
∑
i, j,k
(hijk)
2 − n2|∇H|2 + nc(S − nH2)− nH f3 + S2. (2.25)
If we take a local frame ﬁeld e1, . . . , en at p ∈ Mn , such that hij = λiδi j and Φi j = μiδi j , it is straightforward to check that
f3 =
∑
i
λ3i =
∑
i
(μi + H)3 =
∑
i
μ3i + 3H|Φ|2 + nH3. (2.26)
Since
∑
iμi = 0 and
∑
iμ
2
i = |Φ|2, Lemma 2.1 yields∣∣∣∣
∑
i
μ3i
∣∣∣∣ n − 2√n(n − 1) |Φ|3. (2.27)
Now replacing (2.18), (2.26) and (2.27) in (2.25) we get
(nH)
∑
i, j,k
h2i jk − n2|∇H|2 + |Φ|2
(
|Φ|2 − n(n − 2)√
n(n − 1) |H||Φ| + n
(
c − H2)
)
.
By applying Lemma 2.2 to the previous inequality we arrive to (2.20). 
The following proposition that ﬁrst appeared in [5] will play a crucial role in the proof of Theorems 1.1 and 1.2.
Proposition 2.2. Let Mn be a complete spacelike hypersurface in Sn+11 (c) with constant normalized scalar curvature R, R  c.
If the mean curvature H of Mn is bounded, then there is a sequence of points {pk} ∈ Mn such that limk→∞ nH(pk) = n sup H;
limk→∞ |∇nH(pk)| = 0 and limsupk→∞((nH)(pk)) 0.
Proof. Choose a local orthonormal frame ﬁeld e1, . . . , en at p ∈ Mn such that hij = λiδi j . Thus, (nH) =∑i(nH − λi)(nH)ii .
If H ≡ 0 the proposition is obvious. Let us suppose that H is not identically zero. By changing the orientation of Mn if
necessary, we may assume sup H > 0.
As R  c, (2.11) implies that S − n2H2 = n(n − 1)(R − c) 0 and so S  n2H2. Hence λ2i  S  n2H2, which shows that
0 n|H| − |λi |. (2.28)
From (2.8) and (2.28) we have
Riji j = c − λiλ j  c − n2H2. (2.29)
Because H is bounded, it follows from (2.29) that the sectional curvatures are bounded from below. Therefore we may
apply Lemma 2.3 to nH , obtaining a sequence of points {pk} ∈ Mn such that
lim
k→∞
nH(pk) = n sup H, lim
k→∞
∣∣∇nH(pk)∣∣= 0 and limsup
k→∞
(
nHii(pk)
)
 0. (2.30)
Since H is bounded, taking subsequences if necessary, we can arrive to a sequence {pk} ∈ Mn which satisﬁes (2.30) and
such that H(pk) 0. Thus from (2.28) we get
0 nH(pk) −
∣∣λi(pk)∣∣ nH(pk) − λi(pk) nH(pk) + ∣∣λi(pk)∣∣ 2nH(pk). (2.31)
Using once more the fact that H is bounded, from (2.31) we infer that {nH(pk) − λi(pk)} is non-negative and bounded.
By applying (nH) at pk , taking the limit and using (2.30) and (2.31) we have
limsup
k→∞
(
(nH)(pk)
)

∑
i
limsup
k→∞
(
(nH − λi)(pk)nHii(pk)
)
 0. 
3. Proofs of the results
Proof of Theorem 1.1. If Mn is maximal, i.e., if H ≡ 0, due to Cheng and Yau’s result [8] we know that Mn is totally geodesic.
Let us suppose that H is not identically zero. In this case, by Proposition 2.2 it is possible to obtain a sequence of points
{pk} in Mn such that
limsup
k→∞
(
(nH)(pk)
)
 0,
lim H(pk) = sup H > 0. (3.1)
k→∞
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|Φ|2 = n(n − 1)(R − c + H2). (3.2)
In view of limk→∞H(pk) = sup H and R = constant, (3.2) implies that limk→∞|Φ|2(pk) = sup |Φ|2.
Consider the following polynomial given by
Psup H (x) = x2 − n(n − 2)√
n(n − 1) sup Hx+ n
(
c − sup H2). (3.3)
We claim that Psup H (sup |Φ|) > 0.
Indeed, if sup H2 < 4(n−1)c
n2
, then the discriminant of Psup H (x) is negative. Hence, Psup H (sup |Φ|) > 0.
Suppose that sup H2  4(n−1)c
n2
and let α the biggest root of Psup H (x), which is positive. We remind that α is the only
one root of Psup H (x) if sup H2 = 4(n−1)cn2 .
If we prove that (sup |Φ|)2 = sup |Φ|2 > α2, it gives sup |Φ| > α and, consequently, Psup H (sup |Φ|) > 0.
Notice that the assumption R  n−2n c and (3.2) yield
(
sup |Φ|)2 = sup |Φ|2  (n − 1)(n sup H2 − 2c). (3.4)
By virtue of (3.4) it is straightforward to verify that sup |Φ|2 − α2  n−22(n−1) (n2 sup H2 − n sup H
√
n2 sup H2 − 4(n − 1)c −
2(n − 1)c).
It can be easily seen that sup |Φ|2 − α2 > 0 if and only if n2 sup H2 − n sup H√n2 sup H2 − 4(n − 1)c − 2(n − 1)c > 0.
Taking into account that the last inequality is equivalent to 4(n− 1)c2 > 0, we deduce that sup |Φ|2 −α2 > 0, which proves
our claim.
Evaluating (2.20) at the points pk of the sequence, taking the limit and using (3.1), we obtain that
0 limsup
k→∞
(
(nH)(pk)
)
 sup |Φ|2Psup H
(
sup |Φ|) 0,
and so sup |Φ|2Psup H (sup |Φ|) = 0. Therefore, since Psup H (sup |Φ|) > 0, we conclude that sup |Φ|2 = 0 which shows that
Mn is totally umbilical. 
Now we shall give some examples to justify the conditions on the dimension of the hypersurface and on the constant
normalized scalar curvature stated in Theorem 1.1.
Example 1. (See [12,15] and [17].) Consider the spacelike hypersurface immersed into Sn+11 (1) deﬁned by
Tk,r =
{
x ∈ Sn+11 (1) | −x20 + x21 + · · · + x2k = − sinh2 r
}
where r is a positive real number and 1  k  n − 1. Tk,r is complete and isometric to the Riemannian product Hk(1 −
coth2 r) × Sn−k(1 − tanh2 r) of a k-dimensional hyperbolic space and an (n − k)-dimensional sphere of constant sectional
curvatures 1− coth2 r and 1− tanh2 r, respectively. For x ∈ Tk,r , the unit timelike normal ﬁeld of Tk,r ↪→ Sn+11 (1), unique up
to orientation, is given by
N(x) = tanh rx+ (sinh r cosh r)−1(x0, x1, . . . , xk,0, . . . ,0).
In particular, H1(1 − coth2 r) × Sn−1(1 − tanh2 r) is called a hyperbolic cylinder and Hn−1(1 − coth2 r) × S1(1 − tanh2 r) is
known as spherical cylinder. It is easy to verify that Tk,r ↪→ Sn+11 (1) has two principal curvatures, namely coth r and tanh r
with multiplicities k and n − k, respectively.
A standard computation shows that Tk,r has constant mean curvature H = 1n [k coth r + (n − k) tanh r] and normalized
scalar curvature
R = 1
n(n − 1)
[
k(k − 1)(1− coth2 r)+ (n − k)(n − k − 1)(1− tanh2 r)].
Furthermore, if k = 1, then R satisﬁes 0 < R = n−2n (1 − tanh2 r) < n−2n ; similarly, if k = n − 1  2, we see that R =
n−2
n (1− coth2 r) < 0.
Thus, for any R satisfying 0 < R < n−2n and for any R < 0, we can choose r such that the hypersurfaces T1,r and Tn−1,r ,
respectively, are complete, non-totally umbilical and have constant normalized scalar curvature R .
Remark 3.1. In [12], Hu, Scherfner and Zhai prove the existence of spacelike hypersurfaces Mn in Sn+11 ,n  3, with scalar
curvature identically zero.
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M2 is a complete spacelike hypersurface in S31(1) with constant normalized scalar curvature R satisfying 0  R  1. If
0 < R  1, then, by Proposition 4.1 in [15], M2 is totally umbilical.
So, it is enough to consider the case below in which R = 0.
Example 2. (See [15] and [21].) Given t > 0, deﬁne ft : R2 → S31(1) by ft(x1, x2) = (t cosh( x1t ), t sinh( x1t ),
√
1+ t2 cos( x2√
1+t2 ),√
1+ t2 sin( x2√
1+t2 )).
These surfaces can be found in [10] where it is proved that they have distinct principal curvatures t√
1+t2 and
√
1+t2
t .
Therefore, ft(x1, x2) is a non-totally umbilical surface in S31(1) with scalar curvature identically zero.
Proof of Theorem 1.2. Consider the quadratic form
Q (u, t) = u2 − (n − 2)√
n − 1ut − t
2 (3.5)
and the orthogonal transformation
u¯ = 1√
2n
[
(1+ √n − 1)u + (1− √n − 1)t], (3.6)
t¯ = 1√
2n
[
(
√
n − 1− 1)u + (√n − 1+ 1)t]. (3.7)
It is not diﬃcult to verify that, in terms of u¯ and t¯ , (3.5) is given by
Q (u, t) = Q (u¯, t¯) = n(u¯
2 − t¯2)
2
√
n − 1 . (3.8)
Moreover, by (3.6) and (3.7) we have
u2 + t2 = u¯2 + t¯2. (3.9)
Take u = |Φ| and t = √n|H|. Thus, replacing u and t in (3.5), the inequality (2.20) turns into
(nH) |Φ|2(nc + Q (|Φ|,√n|H|)). (3.10)
By virtue of (3.8), we may write (3.10) as
(nH) |Φ|2
(
nc + n(u¯
2 − t¯2)
2
√
n − 1
)
= |Φ|2
(
nc − n
(
u¯2 + t¯2
2
√
n − 1
)
+ nu¯
2
√
n − 1
)
. (3.11)
Using (3.9) and the fact that u2 + t2 = |Φ|2 + nH2 = S , it follows that
(nH) |Φ|2
(
nc − nS
2
√
n − 1
)
. (3.12)
As R is constant, it is clear from (2.11) that the assumption sup S < 2
√
n − 1c implies that the mean curvature is bounded.
If Mn is maximal, i.e., if H ≡ 0, due to Cheng and Yau’s result [8] we know that Mn is totally geodesic. Otherwise, we may
apply Proposition 2.2 in order to obtain a sequence of points {pk} in Mn such that
limsup
k→∞
(
(nH)(pk)
)
 0,
lim
k→∞
H(pk) = sup H > 0. (3.13)
In view of (2.11) we get S = n(n − 1)(R − c) + n2H2. Because limk→∞H(pk) = sup H and R = constant, it gives
limk→∞ S(pk) = sup S .
Evaluating (3.12) at the points pk of the sequence and taking the limit, we have
0 limsup
k→∞
(
(nH)(pk)
)
 sup |Φ|2
(
nc − n sup S
2
√
n − 1
)
 0. (3.14)
Since c − sup S
2
√
n−1 > 0 by hypothesis, (3.14) yields sup |Φ|2 = 0 and shows that Mn is totally umbilical. So the proof is
ﬁnished. 
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